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?5- Introduction
 About Kalman Filter

e Kalman filter 1s used to estimate states from the
measurements in a dynamic system.

* Kalman filter has demonstrated its usefulness in
various applications.
* visual object tracking
* robot/vehicle navigation

* data prediction task
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Introduction

 About Kalman Filter
e estimate the states in a recursive manner

* very fast: without reprocessing all data at each time

* light on memory: without storing all previous data

* provide good estimates from the measurements
with uncertainty

* linear system: optimal estimate

* non-linear system: qualified estimate
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Introduction

e [dea of Kalman Filter

e fuse the estimates from two sources that are with
uncertainty (inaccuracy).

* prediction: evolve from the estimate at previous time

* measurement: perceive system state by sensors.

* provide the estimate with less uncertainty than
both from two sources.
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Introduction

e [dea of Kalman Filter

P1— position

one-dimension tracking x = [ :
‘ v1— velocity
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Introduction

e [dea of Kalman Filter
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Gaussian Distribution

e Standard Gaussian n(u, 62)
* A random variable x is Gaussian (x~n(u, 02))

__ 11 (f :@%34%)3“
Pr(x) = W?ﬁ(e*p \2532 6 ayiance

three samples of x

X, =3.0 u=%x(3.0+4.0+2.0)=3.0
0% = 3 % | @D—BDF - | ~ 0.67
X3 = 2.0 (230__@%))2
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Gaussian Distribution

e Standard Gaussian n(u, 62)

(x — 3.0)2>

Pr(x) = Xexpl| —
(*) V21 % 0.67 p( 2 x0.67

i, most likely estimate

edes o)

estimation uncertainty

1 5

T T T i T T
-2 0 2 ' B 6 8

(1, %) models an estimate of a random variable x ’)
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Gaussian Distribution

* Multivariant Gaussian n(u, X)

* An-D random vector x is Gaussian (X~n (W, X))

Pr(x) =

1 1 Fonl
(2n)"/2x|2|1/zxexp ——x(x y)Z (xX—p)

meayyaatare matrix

three samples of 2-D x

1. 0]
2.0,
0. 0]
3.0,
(2.0
1.0,

n=x{lz0) 3ol 1 olt = 2o

S Bl )
A A o
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Gaussian Distribution

* Multivariant Gaussian n(u, X)

* (1, X) models an estimate X of a random vector X
* W: most likely estimate of x

 X: uncertainty of X
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Gaussian Distribution

* Multivariant Gaussian n(u, X)
* multiplication formula: multiplying x by A
x~1 (W, Z) A-x~n(A-p, A-Z-A")

* addition formula: adding B to x
x~n(w, X) Xx+B~n(nu+B, X)
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Gaussian Distribution

* Product of Two Gaussians
* Let x and y be two Gaussian random variables.

X~1 Uy, O-J?) erI(.uy» 0-3%)
* The product of x and y 1s a scaled Gaussian.

Xy ~ A X n(ﬂxyl O-J?y)

2 2
_,uxaf -I-,LlyO}? 5> O0x0y

— 02, =
Hxy Y of + oy

oy + 0y
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=/ Gaussian Distribution

* Product of Two Gaussians

* Property: multiplying two Gaussians results 1in a

smaller variance o).

. 2 2
proof: i), < o proof: oy, < 0y
2 2 2 2
g2 _ g2 = X% _ 2 52 _ g2 = %% _ 2
X X X X -
Y o2 + 033 R A 033 Y
2 2, 4 2 2 4 4
- - 2 2 — — —
oy + 0 ox + 0 02 + o
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Gaussian Distribution

_mod o {u (02 A oR) + oF(ny — 1))

Hay ox + 0 gp/gy
2 =k
)
://lx_l'o_z_lp_co_zx(ﬂy_ﬂx)|:>.uxy=.ux+kx(.uy_.ux)
X y

02 = k
—_ 2 X
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* Product of Two Gaussians

X~1 (U, Lx) y~n(Hy, Xy)
—> Xy~AX n(uxy: ny)

by < Ny [ Py =t K ity ) )
“Z(_;y > < By =d—kKoZx
Ox < &x 2N

—1 ) 1nverse
et | R=dy(@reg))

VN Gaussian Distribution
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Kalman Filter Algorithm

* Problem Statement
e assumption: the system 1s linearly dynamic

* linear prediction process: evolving X; from X;_4

R =F,-R;,_4 + B; - u, state teansitibn control
ingatebatrix ~"input vector

* linear measure process: operating on X; to produce

sensor reading Z;
7 ;= H; - X " measurement
~_ matrix

F;, B;, u; and H;: known system parameters
‘\_. '/N‘;fusfoc
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Kalman Filter Algorithm

* Problem Statement
e assumption: the system i1s with uncertainty

* noisy control input
X =F X 1 +B-u +wy ~1(0,Q)

* noisy sensing \

Zero-mean
z; =H; Xy +v; ~n(0,R) — Gaussian

Q and R are the tuning parameters
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Kinematic
Formula

—>

time: t

Pt-1 ~ _ |Pt
VUt-1 Xt = Ut
(] at
—> ?
skidding =
R) 4 6
] = B WPHP
2 t
Xt — Ft ’ Xt—l

+Bt * Uy +Wt "’77(0» Q)
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/ Kalman Filter Algorithm

))) U”U”Umeasure R} ’it _ IIZZ]

sensing
noise

o 1 2 3
radio positioning i i
system 1 0
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Kalman Filter Algorithm

* Problem Statement
* objective: obtain the estimate X; by fusing X;
and Z; Gaussian estimates

measure .
> I
))) > > Xt Gaussian

PFEdICt -/\ Multiplication
2 B 4 “ ~/ N\ ’

kfustcc
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* Algorithm Overview
* Input
* X, "“(l'-x,o:zx,o) : initial estimate
* Q and R: tuning parameters

* {2z,,2,,...,Z;} : a sequence of measurements
* Output

. )A(tfv(uxjt, Zx,t): an estimate of the state X at time ¢
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/ Kalman Filter Algorithm

* Algorithm Overview
* prediction stage: predict X; at time t from X;_,

ﬁ;=Ft'ﬁt_1+Bt'ut+Wt

* update stage: fuse X; and Z; by Gaussian product

= multiplication
o )
’ )
O P<
- z > S

Xt /Z\t=Ht'th+vt




Kalman Filter Algorithm

* Prediction Stage: X;_; — X/
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Kalman Filter Algorithm

* Update Stage

* transform X; to sensor-reading Z space.

o“‘ —
J H; - Xt \\V
' ‘
.
' 4
-il ‘.—
X

~ U(ll;?,t; Z;t) H.X; "’U(Ht Wy He Xit HT)

* model the measurement as a Gaussian distribution
2t — Ht . ﬁt + vt Nn(o' Rt)
* Z; : most likely estimate R, 2e~1(Ze Re)

* R; : measuring uncertainty 2, P)

kfustcc



Kalman Filter Algorithm

* Update Stage

* refine the estimate by multiplying two Gaussians

s multiplication
4 )
4 .}
] . )?%
' 4 L )
- z > —

Htﬁ;’vn(Ht * Mgt H;- Zx,t ) HZ:) 7'](lflfused; 2:fused) ’z‘t~ T]@L’&)
My 2:X llY ZY
r Mggsza B KK pgg, — H, - pg,)

< Zggozn B HIKIL, - H/ —K-H, X, -H/

| K= R G (X HE AR o
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Kalman Filter Algorithm

* Update Stage

 determine the estimate X; in the state X space

RN product
4 S
2
! ., P«
d'

X, t H )
—H - i K (@2 1))
< Bpadar B EH B KW Kl 8, - HY

B _ -1
\ K= Ht'zx,t'HtT’(Ht'zxrt°HZ+Rt) ﬁ)

=3 kfustcc
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Ht_l_\
}i/t W= H - py +K- (Zt H; - llxt)
= I
— ux,t:Ht_l'Ht'u;,t_I'Ht_l'K'(/Z\t_Ht'u;,t)

—> le,t:H;,t+H;1‘K‘(2t_Ht‘H£t)

Ht_l T~ \
\/H't Iy HY = W - 25, —K-H,-Xg,-Hf
— Zx_tﬁ ¥, -H —H;'-K-H,-Zg,-HT
rt o A
;) Xt—(z;t-l( J‘{

Hy'-K-H,-Z,- (HT)

—> ¥, =X, —H/1-K-H, X,
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* Update Stage

RN product
4 )
SN >@ <
o b )
— -~ ‘l'

o _ — T
Hx; ~n(H; - Myt He Zyp e H¢) ﬁt""?(llx,tr 2:x,f:) Zi~1n(Z, Ry)

= K

[ Ugt = Kxt T+ Hf_(/Z\tK_‘ (@t‘ ‘li;ﬂa ll;,t)
= K
~ Lyt = Lyt — Hf_H'tKE;Ht Xyt

=1
K = G/ - M (8 (B BRAMITR,)

t .
Kalman Gain P)
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Kalman Filter Algorithm

t=1 1 = F1 - o + Biuy
Ze1=F - Zyo F +Q
predlctw\
stage
R ~(Mx 0, Ex0) &1~ (M1 Zx)

update Z,~1(Z1, Rq)
stage

U1 = Uy, T K- (21 —H;j - ll;,1)
zx’l — 2;’1 _K'Hl '2;’1

— _ -1
k=27, -HT-(H;-Z;,-HT +R,) \ﬁ)
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Kalman Filter Algorithm

t=2 Hy2 = F2 - 1y 1 + Bou,
2 =F I F +Q;
predlctw\
stage
Xy N(ux,I; 2:x,Z) EN(H;’ZI Z;’Z)

update Z,~1(Z2,R2)
stage

U2 = Uy T K- (22 —H, - l’-;,z)
zx’z — 2;’2 _K'H2 .Z;,Z

— _ -1
k=2, -HI-(H, -7, H] +R,) \ﬁ)
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